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ON WELL-POSEDNESS OF GENERALIZED NEURAL FIELD EQUATIONS
WITH IMPULSIVE CONTROL

c⃝ E.O. Burlakov, E. S. Zhukovskiy

We formulate and prove the theorem on well-posedness of abstract Volterra equations
in metric spaces. We consider nonlinear nonlocal integral Volterra equation involving
generalizing equations typically used in mathematical neuroscience. We investigate solutions
that tend to zero at any moment with unbounded growth of the spatial variable. In
the literature such solutions are called «spatially localized solutions» or «bumps». They
correspond to normal brain functioning. For the main equation, we consider an impulsive
control problem, where the control parameters are moments, when the solution discontinue,
and corresponding jumps’ values. Such control systems model electrical stimulation used in
the presence of various diseases of central nervous system. We define suitable complete metric
(not linear) space. Using the aforementioned theorem, we obtain conditions for existence and
uniqueness of solution to this equation and continuous dependence of this solution on the
control.
Key words: abstract Volterra equations; nonlinear integral equations; neural field equations;
impulsive control; well-posedness.

1. Introduction
Unique solvability and continuous dependence of the solution on the model parameters has been

always considered as important properties of a model, conditioning, in particular, its applicability,
possibility to implement various numerical methods. The problem of continuous dependence on
parameters of various classes of operator equations has been considered in numerous papers (see,
e.g. the review [1] as well as the monograph [2] (pp. 203–210) and the references therein).

The present work extends the results of [21] on solvability of abstract Volterra equations in
metric spaces by formulating and proving a statement on continuous dependence of solutions to these
equations on a parameter. Utilizing these general results, we investigate well-posedness (existence,
uniqueness and continuous dependence of solution on parameters) of an integral Volterra equation
describing a broad class of models arising in neural field theory. Typical representative of this class
is the Amari neural field equation [3]

wt(t, x) = −w(t, x) +
∫
R

Ω(x− y)f(w(t, y))dy, t ≥ 0, x ∈ R (1.1)
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Here the function w is the unknown variable, whose value w(t, x) denotes the activity of the neural
element at time t and position x , the non-negative function f gives the firing rate f(w) of a
neuron with activity w . The connectivity function (spatial convolution kernel) Ω determines the
coupling strength.

The literature on the model (1.1) and its extensions is rather vast (see, e.g. [4]–[7]). The key
issues in most of the published papers on these models are existence and stability of so-called
bump-solutions, i.e. solutions satisfying the following condition

lim
|x|→∞

w(t, x) = 0, t ∈ [a,∞). (1.2)

This type of solutions corresponds to the electrical brain activity that is prevalent during its normal
functioning, encoding visual stimuli [8], representing head direction [9], and maintaining persistent
activity states in working memory [10], [11].

The models of the type (1.1) are important in studies of cortical gain control or pharmacological
manipulations [12]. The problems of therapy of Epilepsy, Parkinson’s disease, and other disorders
of the central nervous system has been recently investigated in [13]–[17]. The modeling frameworks
in [13]–[17] incorporate brain electrical stimulation, which is considered as control, and the
corresponding optimization problems. Here we model this electrical stimulation by means of
impulsive control imposed on the variable w and investigate well-posedness of such models. Namely,
we generalize the models considered in [3] – [5], [7] by introducing the following neural field equation

w(t, x) =

t∫
a

∫
Rm

f(t, s, x, y, w(s, y))dyds+
∞∑
k=0

χ[tk,∞)(t)uk(x), t ∈ [a,∞), x ∈ Rm, (1.3)

with respect to the unknown function w : [a,∞)×Rm→Rn , which satisfies (1.2) . Here, the function
f :△×Rm×Rm×Rn→Rn , △= {(t, s)∈ [a,∞)× [a,∞), s≤ t} is given; the points tk , a≤ t1<
< t2< . . . , and the functions uk :Rm→Rn , k=1, 2, . . . , are control parameters (for the sake of
notational convenience, we put t0 = a , u0(x)≡ 0 for all x∈Rm ); χM denotes the characteristic
function of the set M ⊂ [a,∞) .

We obtain results on unique solvability of (1.3), (1.2) and continuous dependence of the solution
on control U= {(tk, uk) , k=1, 2, . . .} .

If we consider the unknown variable in (1.3) as a mapping t∈ [a,∞) 7→w(t, ·) , than the equation
(3) can be formalized in terms of Volterra operator equation in the corresponding functional space.
Volterra equations are usually considered in spaces possessing linear structure (see e.g. [18] – [20]
and the references therein). However, if the impulse moments tk are not fixed, and their amount
is uniformly bounded by some given number on each given time interval, the set of functions of

the kind
∞∑
k=0

χ[tk,∞)(t)uk(x) is not closed with respect to addition. This fact makes impossible the

application of the theory developed in [18] – [20] to the problem (1.3), (1.2).
We would like to emphasize that the investigation of (1.3), (1.2) is not possible in the frameworks

of [20], [19] due to their suitability only for the spaces possessing linear structure.

2. Existence, uniqueness and continuous dependence on parameters of solutions to
abstract Volterra operator equations in metric spaces

We cite here important notions and results of the work [21] on solvability of abstract Volterra
operator equations and extend the results of the paper [18] on continuous dependence on parameters
of solutions to abstract Volterra equations to metric spaces.

Let us introduce the following notation:

N is the set of positive integers, N0=N∪{0} ;
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Rm is the m -dimensional real vector space with the norm | · | ;

W and Λ are some metric spaces with the distances ρW and ρΛ , respectively;

BW (w, r) is a closed ball of the radius r centered at w∈W , Bout
W (w, r)=W \BW (w, r) ;

µ is the Lebesgue measure on Rm ;

L([a, b], µ,Rn) is the space of all measurable and integrable functions ζ : [a, b]→Rn with the
norm ∥ζ∥L([a,b],µ,Rn)=

∫
Ω

|ζ(s)|ds ;

C0(Rm,Rn) is the space of all continuous functions ϑ : Rm → Rn satisfying the additional
condition lim

|x|→∞
ϑ(x)= 0 , with the norm ∥ϑ∥C0(Rm,Rn)= max

x∈Rm
|ϑ(x)| .

Let an equivalence relation ∼ be defined on W . For any two equivalence classes w1 , w2 , we
introduce

d(w1, w2) = inf
w1∈w1, w2∈w2

ρ(w1, w2). (2.1)

If for any ε> 0 and any w1, w2 ∈W/∼ , w1 ∈w1 one can find w2 ∈w2 such that d(w1, w2)=
= ρ(w1, w2)− ε , then (2.1) defines metric in W/∼ .

We put in correspondence to each γ ∈ [0, 1] the equivalence relation υ(γ) . We assume that the
family of equivalence relations υ= {υ(γ), γ ∈ [0, 1]} satisfy the following conditions:

v0) γ=0 corresponds to the relation υ(0)=W 2 (any two elements are υ(0) -equivalent);
v0) γ=1 corresponds to equality relation (any two distinct elements are not υ(0) -equivalent);
v) if γ1>γ2 , then υ(γ1)⊆ υ(γ2) (any υ(γ1) -equivalent elements are υ(γ2) -equivalent);

D e f i n i t i o n 1. [21] An operator Ψ:W→W is said to be a Volterra operator on the family υ
if for any γ ∈ [0, 1] and any w1, w2 ∈W the fact that (w1, w2)∈υ(γ) implies (Ψw1,Ψw2)∈υ(γ) .

For any w∈W , let us denote wγ to be an equivalence class of w .
Hereinafter it is assumed that (W,ρW ) is a complete metric space with the equivalence relation

υ satisfying v0), v1), v) . Moreover, we assume that for each γ∈ (0, 1) , the corresponding equivalence
class is closed and the quotient set W/υ(γ) is a complete metric quotient space with the distance
dW/υ(γ)(w

1, w2)= inf
w1∈w1, w2∈w2

ρW (w1, w2) .

We also cite some important properties of Volterra operators implied by Definition 1.
1. Choose an arbitrary set Γ⊂ [0, 1] , {0, 1} ⊂ Γ , and for any decreasing (or any increasing)

sequence {γi} , it holds true that lim
i→∞

γi ∈ Γ . Let ω = {υ(γ), γ ∈ Γ} . We define the mapping

η : [0, 1]→ Γ as η(γ) = inf{ξ ∈ Γ}, ξ ≥ γ (η(γ) = inf{ξ ∈ Γ}, ξ ≤ γ) , and put in correspondence to
any γ the equivalence relation υ(η(γ)) . If the operator Ψ :W →W is a Volterra operator on the
family υ , then it is a Volterra operator on its subfamily ω .

2. Any composition of Volterra operators on a fixed family possesses the property 1.
3. The identity operator is a Volterra operator on any family of equivalence relations.
4. If for some γ0 ∈ (0, 1) , w ∈W it holds true that Ψw ∈wγ0 , then the set wγ0 is invariant

with respect to the Volterra operator Ψ:W →W and the relation υ(γ) can be considered only on
the elements of wγ0 ⊂W . The set wγ0 is a complete metric space with respect to the metric of the
whole space W . Thus, the family of the equivalence relations satisfying the conditions v0, v1, v is
also defined on wγ0 . The quotient set wγ0/υ(γ) , γ≤γ0 , consists of the unique element. If γ >γ0 ,
the quotient set wγ0/υ(γ) is a complete metric space. Moreover, the fact that Ψ :W →W is a
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Volterra operator on the family υ implies that the restriction Ψγ0 :wγ0 →wγ0 of Ψ is a Volterra
operator on the family υ .

5. For each γ ∈ (0, 1) , we define the canonical projection Πγ :W →W/υ(γ) as Πγw=wγ . For
a Volterra operator Ψ :W →W on the family υ , we define the operator Ψγ :W/υ(γ)→W/υ(γ)
as Ψγwγ =ΠγΨw , where w is an arbitrary element of wγ . Choose an arbitrary γ0 ∈ (0, 1) . The
family υ(γ0) generate the corresponding equivalence relation on W/υ(γ0) . Let ξ ∈ (0, γ0) , and
let the elements w1, w2 ∈W be υ(ξ) -equivalent. Then any w1′ ∈w1

γ0 , w2′ ∈w2
γ0 are also υ(ξ) -

equivalent, which defines the notion of equivalence of the classes w1
γ0 and w2

γ0 . Namely, the classes
w1
γ0 and w2

γ0 are υγ0(σ) -equivalent ( σ∈ (0, 1) ), if there exist (which, actually, means «any») w1∈
∈ w1

γ0 , w2∈w2
γ0 satisfying the equivalence relation υ(ξ) , ξ=γ0σ . Thus, the family υγ0 ={υγ0(σ)}

of equivalence relations is defined on W/υ(γ0) . The quotient set
(
W/υ(γ0)

)
/υγ0 with the distance

d(Wγ0σ,Wγ0σ) = inf
w1

γ0
∈Wγ0σ ,w

2
γ0

∈Wγ0σ

dW/υ(γ0σ)(w
1
γ0σ, w

2
γ0σ) = inf

w1∈w1
γ0σ

,w2∈w2
γ0σ

ρW (w1, w2)

is isometric to W/υ(γ0σ) and, hence, is a complete metric space as well. If the operator Ψ:W→W
is a Volterra operator on the family υ , then the operator Ψγ0 :W/υ(γ0)→W/υ(γ0) is a Volterra
operator on the family υγ0

6. If the sequence {Ψi :W→W} of Volterra operators on the family υ converges to the operator
Ψ :W →W (for any w∈W it holds true that ρ(Ψiw,Ψw)→ 0 ), then the operator Ψ :W →W is
a Volterra operator on the family υ as well.

Let us now consider the equation
w = Ψw, (2.2)

where Ψ :W →W is a Volterra operator on the family υ .

D e f i n i t i o n 2. [21] We define a υ(γ) -local solution to the equation (2.2) , γ∈ (0, 1) , to be a
class wγ ∈W/υ(γ) that satisfies the equality Ψγwγ =wγ . Identifying the element w that satisfies
(2.2) with its class of υ(1) -equivalence w , we consider it a global solution to the equation (2.2) .
We define a υ(γ) -maximally extended solution to the equation (2.2) , γ ∈ (0, 1) , to be a mapping
that puts in correspondence to any ξ ∈ (0, γ) the υ(ξ) -local solution wξ , and that satisfies the
following two conditions:

• for any η, ξ , 0<η<ξ <γ , it holds true that wξ ⊆wη (wξ is a restriction of wγ );

• for an arbitrary fixed w0 ∈W , lim
ξ→γ−0

d(wξ, w
0
ξ )=∞ .

D e f i n i t i o n 3. [21] A Volterra operator Ψ :W →W on the family υ is called locally
contracting at γ ∈ [0, 1) , if there exist q < 1 and w0 ∈wγ such that for any r > 0 , one can find
δ >0 such that for any two w1

γ+δ, w
2
γ+δ ∈BW/υ(γ+δ)(w0

γ+δ, r) (w0
γ+δ=Πγ+δw

0) , which, in the case
γ > 0 , satisfy for any ξ ∈ (0, γ) the inclusion w1

γ+δ, w
2
γ+δ ⊂w0

ξ , where (w0
ξ =Πξw

0) , the following
inequality holds true:

d(Ψγ+δw
1
γ+δ,Ψγ+δw

2
γ+δ) ≤ qd(w1

γ+δ, w
2
γ+δ) (2.3).

D e f i n i t i o n 4. [21] A Volterra (on the family υ ) operator Ψ :W →W is called locally
contracting on the family υ if it is locally contracting at any γ ∈ [0, 1) with the constants q and
δ(r) , which are independent of the choice of γ ∈ [0, 1) .

The following theorem on solvability of the equation (2.2) can be formulated.
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T h e o r e m 2.1. [21] Let the Volterra (on the family υ ) operator Ψ be locally contracting
on υ .

Then the equation (2.2) has a unique global or maximally extended solution, and each local
solution is a restriction of this solution.

We introduce now the following version of the equation (2.2)

w = F (w, λ), (2.4)

parameterized by λ∈Λ , where Λ is some metric space. For each λ∈Λ , the operator F (·, λ) :W→
→ W is a Volterra on the family υ and F (·, λ0) =Ψ for some λ0 ∈Λ . Our aim is to formulate
conditions for existence and uniqueness of solutions to the equation (2.4) (we, naturally, apply
Definition 2 to the equation (2.4) at each fixed λ ∈ Λ ); and convergence of these solutions to
solution to the equation (2.2) as λ→λ0 . This means, that the problem (2.4) is well-posed.

D e f i n i t i o n 5. For any λ∈Λ0⊆Λ , let the Volterra operator F (·, λ) :W→W be given. This
family of operators is called uniformly locally contracting on the family υ if for each λ∈Λ0 ⊆Λ ,
the operator F (·, λ) :W →W is locally contracting on υ with the constants q and δ(r) , which
are independent of the choice of λ∈Λ0 .

Now we are ready to formulate and prove the following theorem on well-posedness of the equation
(2.4) .

T h e o r e m 2.2. Assume that the following two conditions are satisfied:

1) There exists ϱ0> 0 such that the operators F (·, λ) :W →W , λ∈BΛ(λ0, ϱ0) are uniformly
locally contracting on the family υ ;

2) For an arbitrary w∈W , the mapping F :W ×Λ→W is continuous at (w, λ0) .

Then for each λ∈Λ0 , the equation (2.4) has a unique global or maximally extended solution,
and each local solution is a restriction of this solution.

If the equation (2.4) has a global solution w0 =w0 at λ= λ0 , then for each λ (sufficiently
close to λ0 ) it also has a global solution w=w(λ) , and ρ(w(λ), w0)→ 0 as λ→λ0 .

If the equation (2.4) has a maximally extended solution w0ζ at λ=λ0 , then for any γ ∈ (0, ζ)
one can find a neighborhood of λ0 such that for any λ the equation (2.4) has a local solution
wγ =wγ(λ) in this neighborhood and dW/υ(γ)(wγ(λ), w0γ)→ 0 as λ→λ0 .

P r o o f.
The unique solvability of the equation (2.4) for any λ∈BΛ(λ0, ϱ0) follows from Theorem 1.
We prove the continuous dependence of solutions on a parameter λ . Consider the case when

the equation (2.4) has global solution w0 =w(λ0) ∈W at λ= λ0 . Choose an arbitrary ε > 0 .
Let us find δ > 0 satisfying Definition 3 at r1= ρ(w0, w

0)+ 1 , γ=0 and any λ∈BΛ(λ0, ϱ0) . For
k= [1δ ] + 1 denote ∆l= lδ , l=1, 2, . . . , k . Since the condition 2) holds true, for any ε> 0 one can
find σ1> 0 and ϱ1> 0 such that for each λ∈BΛ(λ0, ϱ1) we have

dW (F (ϖ,λ), F (w0, λ0)) <
(1− q)ε

6

for all ϖ∈BW (w0, σ1) . Assume that σ1<
(1−q)ε

6 . Let us find σ2>0 and ϱ2 such that for arbitrary
λ∈BΛ(λ0, ϱ2) it holds that

dW/υ(∆k−1)(F∆k−1
(ϖ∆k−1

, λ), F∆k−1
(w0∆k−1

, λ0)) <
(1− q)σ1

6
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for all ϖ∆k−1
∈BW/υ(∆k−1)(w0∆k−1

, σ2) . Assume that σ2 <
(1−q)σ1

6 , ϱ2 ≤ ϱ1 . There exist σ3 > 0
and ϱ3 such that for any λ∈BΛ(λ0, ϱ3) it holds true that

dW/υ(∆k−2)(F∆k−2
(ϖ∆k−2

, λ), F∆k−2
(w0∆k−2

, λ0)) <
(1− q)σ2

6

for any ϖ∆k−2
∈BW/υ(∆k−2)(w0∆k−2

, σ3) ; σ3<
(1−q)σ2

6 , ϱ3≤ ϱ2 etc. We perform k iterations and
at the last step find σk and ϱk , 0<σk<

(1−q)σk−1

6 , ϱk≤ ϱk−1 .
Let w0∆1 denote a υ(∆1) -local solution to the equation (2.4) at λ=λ0 , that is a fixed point

of the operator F∆1(·, λ0) :W/υ(∆1)→W/υ(∆1) . If dW/υ(∆1)(ϖ∆1 , w0∆1)<σk , then

dW/υ(∆1)(F∆1(ϖ∆1 , λ), F∆1(w0∆1 , λ0)) <
(1− q)σk−1

6

for all λ∈BΛ(λ0, ϱk) .
Taking into account the condition 1) , we get for any natural number m that

dW/υ(∆1)(F
m
∆1

(w0∆1 , λ), w0∆1) ≤ dW/υ(∆1)(w0∆1 , λ), F
m−1
∆1

(w0∆1 , λ)) + . . .

. . .+ dW/υ(∆1)(F∆1(w0∆1 , λ), w0∆1) ≤ (qm−1 + . . .+ q + 1)
(1− q)σk−1

6
≤ σk−1

6
.

Due to the convergence of the sequential approximations Fm∆1
(w0∆1 , λ) to the fixed point w∆1 =

= w∆1(λ) of the operator F∆1(·, λ) :W/υ(∆1)→W/υ(∆1) , we obtain that dW/υ(∆1)(w∆1 , w0∆1)≤
≤ σk−1

6 for each λ∈Uk . Further, let w0∆2 be a υ(∆2) -local solution to the equation (2.4) at
λ= λ0 . Then, for all λ∈BΛ(λ0, ϱk), ϱk ≤ ϱk−1 and any ϖ∆2 ∈BW/υ(∆2)(w0∆2 , σk−1)

∩
w∆1 we

get

dW/υ(∆2)(F∆2(ϖ∆2 , λ), w0∆2) = dW/υ(∆1)(F∆2(u∆2 , λ), F∆2(w0∆2 , λ0)) <
(1− q)σk−2

6
.

Then
dW/υ(∆2)(F∆2(ϖ∆2 , λ), ϖ∆2) < σk−1 +

(1− q)σk−2

6
<

(1− q)σk−2

3
.

For all m=1, 2, . . . we have

dW/υ(∆2)(F
m
∆2

(ϖ∆2 , λ), ϖ∆2) ≤ dW/υ(∆2)(F
m
∆2

(ϖ∆2 , λ), F
m−1
∆2

(ϖ∆2 , λ)) + . . .

. . .+ dW/υ(∆2)(F∆2(ϖ∆2 , λ), ϖ∆2) ≤ (qm−1 + . . .+ q + 1)
(1− q)σk−2

3
≤ σk−2

3
.

Taking into account the convergence of the approximations Fm∆2
(u∆2 , λ) to w∆2 =w∆2(λ) we obtain

dW/υ(∆2)(w∆2 , w0∆2) ≤ dW/υ(∆2)(w∆2 , F
m
∆2

(ϖ∆2 , λ))+

+dW/υ(∆2)(F
m
∆2

(ϖ∆2 , λ), ϖ∆2) + dW/υ(∆2)(ϖ∆2 , w0∆2) ≤
σk−2

3
+ σk−1 ≤

σk−2

2
.

Using the convergence of the sequential approximations Fm∆3
(ϖ∆3 , λ) to a fixed point w∆3 =w∆3(λ)

of the operator F∆3(·, λ) :W/υ(∆3)→W/υ(∆3) for any ϖ∆3 ∈BW/υ(∆3)(w0∆3 , σk−2)
∩
w∆2 and

each λ ∈BΛ(λ0, ϱk), ϱk ≤ ϱk−1 , we obtain the estimate dW/υ(∆3)(w∆3 , w0∆3)≤
σk−3

2 . We, then,
repeat this procedure. At the k -th step we prove in an analogous way that the inequality
ρW (w(λ), w0)<ε holds true for all λ∈Uk . Therefore, ρW (w(λ), w0)→ 0 as λ→λ0 .

Let now a solution w0η to the equation (2.4) at λ=λ0 be maximally extended. Fix arbitrary
γ∈ (0, η) and let w0γ denote the restriction of the solution w0η . For the equation ϖγ=Fγ(ϖγ , λ0)
the element w0γ ∈W/υ(γ) is a global solution. As is shown above, for all λ from some neighborhood
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of λ0 the equations ϖγ =Fγ(ϖγ , λ) have global solutions wγ(λ) , and dW/υ(γ)(wγ(λ), w0γ)→0 as
λ→λ0 . �

3. Existence, uniqueness and continuous dependence on impulsive control of
solutions to generalized neural field equations

We assume that the following conditions on the system (1.3) , (1.2) are imposed:

(i) For any t ∈ [a,∞) , w ∈ Rn , x ∈ Rm , the function f(t, ·, x, ·, w) : [a, t] × Rm → Rn is
measurable.

(ii) For almost all (s, y)∈ [a,∞)×Rm , the function f(·, s, ·, y, ·) : [s,∞)×Rm×Rn is continuous.

(iii) For any b∈ (a,∞) and any r > 0 , w∈BRn(0, r) , it holds true that

lim
r→∞

sup
t∈[a,b], x∈Bout

Rm (0,r)

∣∣∣ t∫
a

∫
Rm

f(t, s, x, y, w)dyds
∣∣∣ = 0.

(iv) There is a non-decreasing function K : (a,∞)→N0 such that for any control U and any
b ∈ (a,∞) it holds true that card

(
{tk
∩
[a, b]}

)
≤K(b) , where the symbol card(·) denotes the

cardinality of the corresponding set.

(v) uk ∈C0(Rm,Rn) for all k∈N .
By the virtue of the assumptions made, the element w , defined by (1.3) , (1.2) , can be

represented as

w(t, x) = v(t, x) +

∞∑
k=1

χ[tk,∞)(t)uk(x), (3.1)

where the function v : [a,∞)→ C0(Rm,Rn) belongs to locally convex space with topology of
uniform convergence on the each compact [a, b] (see [20]). We naturally denote this space
as C([a,∞), C0(Rm,Rn)) . The space C([a, b], C0(Rm,Rn)) of restrictions on [a, b] of the
functions from C([a,∞), C0(Rm,Rn)) is a Banach space with the norm ∥v∥C([a,b],C0(Rm,Rn)) =
= max

t∈[a,b]
∥v(t)∥C0(Rm,Rn) .

We define the set W ([a,∞))=W ([a,∞), C0(Rm,Rn)) of the mappings w : [a,∞)→C0(Rm,Rn)
of the kind (3.1) , where v is an arbitrary element of C([a,∞), C0(Rm,Rn)) , {(tk, uk), k ∈N} is
any set satisfying the conditions (iv) and (v). We denote W ([a, b]) =W ([a, b], C0(Rm,Rn)) to be
the set of restrictions on [a, b] of the functions from W ([a,∞)) . Choose an arbitrary b∈ (a,∞) .

L e m m a 3.1. The set W ([a, b])=W ([a, b], C0(Rm,Rn)) is complete metric space with respect
to the metric

ρW ([a,b])(w
1, w2) =

= ∥v1 − v2∥C([a,b],C0(Rm,Rn)) +

b∫
a

∥
∑

k: t1k∈[a,b]

χ[t1k,b]
(t)u1k −

∑
k: t2k∈[a,b]

χ[t2k,b]
(t)u2k∥C0(Rm,Rn)dt.

P r o o f. For the sake of convenience, we consider the element U(·, x) in the expression

w(t, x)=v(t, x)+U(t, x) , U(t, x)=
K(b)∑
k=0

χ[tk,b](t)uk(x) , x∈Rm , as the mapping t∈ [a, b] 7→U(t, ·)∈

∈ C0(Rm,Rn) . This mapping is piece-wise continuous, continuous from the right and has not more
than K(b) discontinuity points of the first kind. The set of such functions U is a subset of the
Banach space L([a, b], µ, C0(Rm,Rn)) of measurable summable functions Υ : [a, b]→C0(Rm,Rn)

with the norm ∥Υ∥L([a,b],µ,C0(Rm,Rn)) =
b∫
a
∥Υ(t)∥C0(Rm,Rn)dt . In order to prove the completeness of
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the space W ([a, b]) it suffices to show that the set of piece-wise continuous, continuous from the
right functions U : [a, b]→C0(Rm,Rn) having not more than K(b) discontinuity points of the first
kind is complete with respect to the metric of L([a, b], µ, C0(Rm,Rn)) .

We will say that ξ is an essential value of the mapping U : [a, b]→ C0(Rm,Rn) if there
exists t0 ∈ [a, b] such that ξ =U(t0) and for any ε > 0 one can find δ > 0 such that ∥U(t0)−
− U(t)∥C0(Rm,Rn)<ε for all t∈BR(t0, δ) .

We note that the mapping U : [a, b]→C0(Rm,Rn) having N essential values can not be the
limit in the metric of L([a, b], µ, C0(Rm,Rn)) of the sequence of functions having not more than
N−1 essential values. Indeed, as the values u1, . . . , uN are essential, there exists a finite set of the
semi-intervals T li

i , providing partition of [a, b] such that U(t)=ui for almost all t∈T li
i , 1≤ li≤

≤ Li<∞ . Choosing ε<T̃d , where T̃ = min
1≤li≤Li, 1≤i≤N

µ(T li
i ) , d= min

1≤i≤N−1
∥ui−ui+1∥C0(Rm,Rn) , we

get
b∫
a
∥U(t)−U(t)∥C0(Rm,Rn)dt>ε for any mapping U : [a, b]→C0(Rm,Rn) , having not more than

N−1 essential values. From the given proof it also follows that the piece-wise constant continuous

from the right mappings U : [a, b] → C0(Rm,Rn) , U(t) =
K∑
k=0

χ[tk,b](t)uk , uk ∈ C0(Rm,Rn) ,

k = 1, . . . ,K , having K discontinuity points (K=
N∑
k=1

li , uk ̸≡ 0 , k = 1, . . . ,K ) can not be the

limit (in the metric of L([a, b], µ, C0(Rm,Rn)) ) of the sequence of piece-wise constant continuous
from the right mappings having not more than K−1 discontinuity points of the first kind.

Thus, the limit of the sequence of piece-wise constant continuous from the right mappings
having not more than K(b) discontinuity points of the first kind in the chosen metric is a class of
mappings (element of L([a, b], µ, C0(Rm,Rn)) ) including a piece-wise constant continuous from the
right having not more than K(b) discontinuity points of the first kind. Hence, the completeness of
W ([a, b], C0(Rm,Rn)) is proved.

D e f i n i t i o n 3.1. We define a local solution to the system (1.3) , (1.2) , defined on [a, a+γ] ,
γ ∈ (0,∞) , to be a mapping wγ ∈W ([a, a+γ]) , that satisfies the equation

w(t, ·) =
t∫

a

∫
Rm

f(t, s, ·, y, w(s, y))dyds+
∞∑
k=0

χ[tk,∞)(t)uk(·)

on [a, a+γ] . We define a maximally extended solution to the system (1.3) , (1.2) , defined on
[a, a+η) , η∈ (0,∞) , to be a mapping wη : [a, a+η)→C0(Rm,Rn) , whose restriction wγ on [a, a+γ]
for any γ < η is its local solution and lim

γ→η−0
ρW ([a,a+γ])(wγ , 0)=∞ (here 0∈W ([a, a+ γ]) is the

identical zero function). We define a global solution to the system (1.3) , (1.2) to be a mapping
w : [a,∞)→C0(Rm,Rn) , whose restriction wγ on [a, a+γ] for any γ ∈ (0,∞) is its local solution.

T h e o r e m 3.1. Let the assumptions (i)− (v) hold true. Assume that for any b∈ (a,∞) ,
r>0 there exists such integrable on [a, b]×Rm function f̃r that |f(t, s, x, y, w1)−f(t, s, x, y, w2)|≤
≤ f̃r(s, y)|w1 − w2| for all w1, w2 ∈ BRn(0, r) , almost all (s, y) ∈ [a, b] × Rm t ∈ [a,∞) , x ∈
∈ BRm(0, r) and. Then, for each set of points (tk, uk)∈ [a,∞)×C0(Rm,Rn), k ∈N , the system
(1.3) , (1.2) has a unique global or maximally extended solution, and each local solution is a
restriction of this solution.

Moreover, assume that for some set of points (tk, uk)∈ [a,∞)×C0(Rm,Rn), k ∈N and some
sequences {(tik, uik)}∞i=1⊂ [a,∞)×C0(Rm,Rn) , k∈N , for any b>a , it holds true that

b∫
a

max
x∈Rm

∣∣∣ ∑
k: tik∈[a,b]

χ[tik,∞)u
i
k(x)−

∑
k: t0k∈[a,b]

χ[t0k,∞)u
0
k(x)

∣∣∣dt→ 0 as i→ ∞.
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Then, if for the control {(t0k, u0k)∈ [a,∞)×C0(Rm,Rn) , k ∈N} , the problem (1.3) , (1.2) has
a local solution w0

γ , defined on [a, a+γ] , one can find a number I , such that for all i > I the
problem (1.3) , (1.2) with the control {(tik, uik)∈ [a,∞)×C0(Rm,Rn) , k∈N} , has a local solution
wiγ , defined on [a, a+γ] , and ρW ([a,a+γ])(w

i
γ , w

0
γ)→ 0 as i→∞ .

P r o o f. We are going to apply Theorem 2.2, so we parameterize (1.3) with respect to the
control imposed and represent the result in terms of the following operator equation

w = F (w, λ), (3.2)

(
F (w, λ)

)
(t, x) =

t∫
a

∫
Rm

f(t, s, x, y, w(s, y))dyds+
∞∑
k=0

χ[tλk,∞)(t)uλk(x).

Choose arbitrary b ∈ (a,∞) . For the chosen b , we define the relation υ(σ) , σ ∈ [0, 1] , on
W ([a, b])=W ([a, b], C0(Rm,Rn)) as follows:

(w1, w2) ∈ υ(σ) ⇐⇒ w1(t, ·) = w2(t, ·) t ∈ [0, (b− a)σ].

Choose arbitrary q<1 , r>0 . Let γ∈(0, b−a) and w1(t, ·)=w2(t, ·) , t∈ [a, a+γ] , where w1, w2∈
∈ BC([a,b],C0(Rm,Rn))(0, r) (in the notation of the ball, 0 denotes the function that is identically
equal to zero). Using assumptions (i)–(v) and condition 1) of Theorem 3.1, we get the following
estimates

ρW ([a,a+γ+δ])(F (w
1, λ), F (w2, λ)) =

max
t∈[a,a+γ+δ],x∈Rm

∣∣∣ t∫
a

∫
Rm

f(t, s, x, y, w1(s, y))dyds−

−
t∫

a

∫
Rm

f(t, s, x, y, w2(s, y))dyds
∣∣∣ ≤

ε/2 + max
t∈[a,a+γ+δ],x∈BRm (0,rε)

a+γ+δ∫
a+γ

∫
Rm

∣∣∣f(t, s, x, y, w1(s, y))dyds−

−f(t, s, x, y, w2(s, y))
∣∣∣dyds ≤

ε/2 + max
t∈[a,a+γ+δ],x∈BRm (0,rε)

∣∣∣ a+γ+δ∫
a+γ

∫
Rm

f̃r(s, y)∥w1 − w2∥C([a,b],BC(Rm,Rn))dyds
∣∣∣ ≤ ε.

Here, rε> 0 , δ > 0 can be chosen in a such way that ε< q . Thus, we checked that the inequality
(2.3) is satisfied. By the virtue of arbitrary choice of b ∈ (a,∞) , using Theorem 2.1, we prove
existence of a unique global (if the distances of the solutions obtained to the element 0∈W are
uniformly bounded for all b∈ (a,∞) ) or maximally extended (otherwise) solution to (3.2) and,
hence, to (1.2) , (1.3) .

Next, we take arbitrary ε > 0 , ŵ ∈ W ([a, b], C0(Rm,Rn)) , wi ⊂ W ([a, b], C0(Rm,Rn)) ,
ρW ([a,b])(w

i, ŵ) ( i→∞ ). For the chosen sequences {tik}⊂ [a,∞) , {uik}⊂C0(Rm,Rn) , such that
tik→ t0k and ∥uik−u0k∥C0(Rm,Rn)→ 0 for each k as i→∞ , we estimate

ρW ([a,b])(F (ŵ, 0), F (w
i, 1/i)) ≤
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≤ max
t∈[a,b],x∈Rm

t∫
a

∫
Rm

∣∣∣f(t, s, x, y, ŵ(s, y))− f(t, s, x, y, wi(s, y))
∣∣∣dyds+

+

b∫
a

max
x∈Rm

∣∣∣K0(b)∑
k=0

χ[t0k,∞)(t)u
0
k(x)−

Ki(b)∑
k=0

χ[tik,∞)(t)u
i
k(x)

∣∣∣dt.
Estimation of the integrand

∣∣f(t, s, x, y, ŵ(s, y))− f(t, s, x, y, wi(s, y))
∣∣ of the first summand

on the right-hand side using the condition 1) of Theorem 3.1, gives uniform convergence of this
expression to 0 on [a, b]×Rm .

The condition 2) of Theorem 3.1 guarantees convergence of the second summand on the right-
hand side of the inequality to 0 as i→∞ .

Thus the verification of the second condition of Theorem 2.2 is complete, and Theorem 3.1 is
proved.
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О КОРРЕКТНОСТИ ОБОБЩЕННЫХ УРАВНЕНИЙ НЕЙРОПОЛЕЙ
С ИМПУЛЬСНЫМ УПРАВЛЕНИЕМ

c⃝ Е.O. Бурлаков, Е. С. Жуковский

Формулируется и доказывается теорема о корректности абстрактных уравнений
Volterra в метрических пространствах. Далее рассматривается нелинейное интеграль-
ное уравнение Volterra, частными случаями которого являются уравнения, использу-
емые в математической нейробиологии. Исследуются решения, стремящиеся к нулю
в любой момент времени при неограниченном росте пространственной переменной. В
литературе такие решения называют «локализованными в пространстве» или «бам-
пами», они соответствуют нормальному функционированию головного мозга. Ставит-
ся задача импульсного управления, управляющими параметрами являются моменты
времени, в которые решение терпит разрывы, и величины соответствующих скачков
решения. Такие управления моделируют электрическую стимуляцию мозга, применяе-
мую при лечении расстройств центральной нервной системы. Для исследования данной
управляемой интегральной системы определяется специальное полное метрическое (не
являющееся линейным) функциональное пространство. В этом пространстве получе-
ны условия существования, единственности и продолжаемости решения, а также его
непрерывной зависимости от импульсного управления.
Ключевые слова: абстрактные уравнения Volterra; нелинейные интегральные уравне-
ния; уравнения Volterra; уравнения нейрополей; импульсное управление; корректность.

БЛАГОДАРНОСТИ: Работа выполнена при финансовой поддержке Российского фонда
фундаментальных исследований (проект № 15-31-51074).

26



2016. Т. 21, вып. 1. Математика

СПИСОК ЛИТЕРАТУРЫ

1. Vainikko G.M. Regular convergence of operators and approximate solution of equations// Science and Technics
Totals, Journal of Soviet Mathematics, 1981. V. 6. P. 675–705.

2. Azbelev N.V., Maksimov V.P. and Rakhmatullina L.F. Introduction to the Theory of Functional Differential
Equations: Methods and Applications // Hindawi Publishing Corporation, N.Y., 2007.

3. Amari S. Dynamics of Pattern Formation in Lateral-Inhibition Type Neural Fields // Biol. Cybern, 1977. V.
27. P. 77–87.

4. Coombes S. Waves, bumps, and patterns in neural field theories // Biol. Cybern, 2005. V. 93. P. 91–108.
5. Blomquist P., Wyller J. and Einevoll G.T. Localized activity patterns in two-population neuronal networks

// Physica D, 2005. V. 206. P. 180–212.
6. Faye G. and Faugeras O. Some theoretical and numerical results for delayed neural field equations // Physica

D, 2010. V. 239. P. 561–578.
7. Malyutina E., Wyller J. and Ponosov A. Two bump solutions of a homogenized Wilson – Cowan model with

periodic microstructure // Physica D, 2014. V. 271. P. 19–31.
8. Sompolinsky H., Shapley R. New perspectives on the mechanisms for orientation selectivity // Curr. Opin.

Neurobiol, 1997. V. 5. P. 514–522.
9. Taube J.S., Bassett J.P. Persistent neural activity in head direction cells // Cereb. Cortex, 2003. V. 13. P.

1162–1172.
10. Fuster J.M., Alexander G. Neuron activity related to short-term memory // Science, 1971. V. 173. P. 652.
11. Wang X-J. Synaptic reverberation underlying mnemonic persistent activity // Trends Neurosci, 2001. V. 24.

P. 455–463.
12. Pinotsis D.A., Leite M. and Friston K.J. On conductance-based neural field models // Frontiers in

Computational Neuroscience, 2013. V. 7. P. 158.
13. Tass P.A. A model of desynchronizing deep brain stimulation with a demand-controlled coordinated reset of

neural subpopulations // Biological cybernetics, 2003. V. 89. P. 81–88.
14. Suffczynski P., Kalitzin S. and Lopes Da Silva F.H. Dynamics of non-convulsive epileptic phenomena modeled

by a bistable neuronal network // Neuroscience, 2004. V. 126. P. 467–484.
15. Kramer M.A., Lopour B.A., Kirsch H.E. and Szeri A.J. Bifurcation control of a seizing human cortex //

Physical Review E, 2006. V. 73. P. 419–428.
16. Schiff S.J. Towards model-based control of Parkinson’s disease // Philosophical Transactions of the Royal

Society A: Mathematical, Physical and Engineering Sciences, 2010. V. 368. P. 2269–2308.
17. Ruths J., Taylor P., Dauwels J. Optimal Control of an Epileptic Neural Population Model // Proceedings of

the International Federation of Automatic Control, Cape Town, 2014.
18. Zhukovskiy E.S. Continuous dependence on parameters of solutions to Volterra’s equations // Sbornik:

Mathematics, 2006. V. 10. P. 1435–1457.
19. Burlakov E., Zhukovskiy E., Ponosov A. and Wyller J. On wellposedness of generalized neural field equations

with delay // Journal of Abstract Differential Equations and Applications, 2015. V. 6. P. 51–80.
20. Burlakov E., Zhukovskiy E.S. Existence, uniqueness and continuous dependence on control of solutions to

generalized neural field equations // Tambov University Reports. Series: Natural and Technical sciences, 2015. V. 20.
Issue 1. P. 9–16.

21. Zhukovskiy E.S. Generalized Volterra operators in metric spaces // Tambov University Reports. Series:
Natural and Technical sciences, 2009. V. 14. Issue 3. P. 501–508 (In Russian).

Поступила в редакцию 7 декабря 2015 г.

Бурлаков Евгений Олегович, Норвежский университет естественных наук, г. Аас, Норвегия, аспи-
рант, e-mail: eb_@bk.ru

Жуковский Евгений Семенович, Тамбовский государственный университет имени Г.Р. Державина,
г. Тамбов, Российская Федерация, доктор физико-математических наук, профессор, директор научно-
исследовательского института математики, физики и информатики, е-mail: zukovskys@mail.ru

27




