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ON WELL-POSEDNESS OF GENERALIZED NEURAL FIELD EQUATIONS
WITH IMPULSIVE CONTROL

© E.O. Burlakov, E.S. Zhukovskiy

We formulate and prove the theorem on well-posedness of abstract Volterra equations
in metric spaces. We consider nonlinear nonlocal integral Volterra equation involving
generalizing equations typically used in mathematical neuroscience. We investigate solutions
that tend to zero at any moment with unbounded growth of the spatial variable. In
the literature such solutions are called «spatially localized solutions» or «bumps». They
correspond to normal brain functioning. For the main equation, we consider an impulsive
control problem, where the control parameters are moments, when the solution discontinue,
and corresponding jumps’ values. Such control systems model electrical stimulation used in
the presence of various diseases of central nervous system. We define suitable complete metric
(not linear) space. Using the aforementioned theorem, we obtain conditions for existence and
uniqueness of solution to this equation and continuous dependence of this solution on the
control.

Key words: abstract Volterra equations; nonlinear integral equations; neural field equations;
impulsive control; well-posedness.

1. Introduction

Unique solvability and continuous dependence of the solution on the model parameters has been
always considered as important properties of a model, conditioning, in particular, its applicability,
possibility to implement various numerical methods. The problem of continuous dependence on
parameters of various classes of operator equations has been considered in numerous papers (see,
e.g. the review [1] as well as the monograph [2| (pp. 203-210) and the references therein).

The present work extends the results of [21] on solvability of abstract Volterra equations in
metric spaces by formulating and proving a statement on continuous dependence of solutions to these
equations on a parameter. Utilizing these general results, we investigate well-posedness (existence,
uniqueness and continuous dependence of solution on parameters) of an integral Volterra equation
describing a broad class of models arising in neural field theory. Typical representative of this class
is the Amari neural field equation [3]

we(t, z) = —w(t,x) +/Q(az —y)f(w(t,y))dy, t >0,z €R (1.1)
R
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Here the function w is the unknown variable, whose value w(t, ) denotes the activity of the neural
element at time ¢ and position z, the non-negative function f gives the firing rate f(w) of a
neuron with activity w. The connectivity function (spatial convolution kernel) € determines the
coupling strength.

The literature on the model (1.1) and its extensions is rather vast (see, e.g. [4]-]7]). The key
issues in most of the published papers on these models are existence and stability of so-called
bump-solutions, i.e. solutions satisfying the following condition

lim w(t,z) =0, t € [a,00). (1.2)
|z| =00
This type of solutions corresponds to the electrical brain activity that is prevalent during its normal
functioning, encoding visual stimuli [8], representing head direction [9], and maintaining persistent
activity states in working memory [10], [11].

The models of the type (1.1) are important in studies of cortical gain control or pharmacological
manipulations [12]. The problems of therapy of Epilepsy, Parkinson’s disease, and other disorders
of the central nervous system has been recently investigated in [13|-[17]. The modeling frameworks
in [13]-[17] incorporate brain electrical stimulation, which is considered as control, and the
corresponding optimization problems. Here we model this electrical stimulation by means of
impulsive control imposed on the variable w and investigate well-posedness of such models. Namely,
we generalize the models considered in [3] — [5], [7] by introducing the following neural field equation

t o0
wtea) = [ [ Fltosmpwls)duds + 3 x oo (Ous(a), t € a,cc), s R, (1)
aRm k;:O

with respect to the unknown function w:[a,00) x R™ —R™ , which satisfies (1.2). Here, the function
FAXRTXxR™xR* - R", A={(t,s) €[a,00) X [a,00), s <t} is given; the points t;, a<t; <
< tg <..., and the functions wuy:R™ —R", k=1,2,..., are control parameters (for the sake of
notational convenience, we put tg=a, ug(x)=0 for all z€R™); yp denotes the characteristic
function of the set M C [a, o).

We obtain results on unique solvability of (1.3), (1.2) and continuous dependence of the solution
on control U= {(tg,ug), k=1,2,...}.

If we consider the unknown variable in (1.3) as a mapping ¢ € [a, 00) —w(t, -) , than the equation
(3) can be formalized in terms of Volterra operator equation in the corresponding functional space.
Volterra equations are usually considered in spaces possessing linear structure (see e.g. [18] — [20]
and the references therein). However, if the impulse moments ¢ are not fixed, and their amount
is uniformly bounded by some given number on each given time interval, the set of functions of

the kind ) X[t,,00)(t)ur(x) is not closed with respect to addition. This fact makes impossible the
k=0

application of the theory developed in [18] — [20] to the problem (1.3), (1.2).
We would like to emphasize that the investigation of (1.3), (1.2) is not possible in the frameworks
of [20], [19] due to their suitability only for the spaces possessing linear structure.

2. Existence, uniqueness and continuous dependence on parameters of solutions to
abstract Volterra operator equations in metric spaces

We cite here important notions and results of the work [21] on solvability of abstract Volterra
operator equations and extend the results of the paper [18] on continuous dependence on parameters
of solutions to abstract Volterra equations to metric spaces.

Let us introduce the following notation:

N is the set of positive integers, Ngo=NU {0} ;
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R™ is the m-dimensional real vector space with the norm |- |;

W and A are some metric spaces with the distances py and pp , respectively;

Bw (w,r) is a closed ball of the radius 7 centered at weW , B{(w,r)=W \ By (w,7);
i is the Lebesgue measure on R™ ;

L([a,b], u, R™) is the space of all measurable and integrable functions (:[a,b] — R™ with the
norm |[¢||z((a,5],u,%") :g{ 1C(s)]ds ;

Co(R™ R™) is the space of all continuous functions ¢ :R™ — R™ satisfying the additional

condition lim ¥J(z)=0, with the norm |9, @m rr)= max [J(z)].
|1’|~>OO ’ rER™

Let an equivalence relation ~ be defined on W . For any two equivalence classes w', w2, we

introduce
d(w', w?) = inf plw!, w?). (2.1)
wlew!, w2ew?

If for any €>0 and any w', w2 €W/~ , w! €w' one can find w? €w? such that d(w',w?)=
= p(w!,w?) —¢, then (2.1) defines metric in W/~ .

We put in correspondence to each € [0, 1] the equivalence relation v(y). We assume that the
family of equivalence relations v={v(y),v€[0,1]} satisfy the following conditions:

vg) =0 corresponds to the relation v(0)=W? (any two elements are v(0)-equivalent);

vo) y=1 corresponds to equality relation (any two distinct elements are not v(0) -equivalent);

v) if v1 >72, then v(71) Cv(y2) (any v(y1)-equivalent elements are v(72)-equivalent);

Definition 1.[21] An operator U:W — W is said to be a Volterra operator on the family v
if for any € [0,1] and any w',w? €W the fact that (w!,w?)€v(y) implies (Pw!, Tw?)€wv(y).

For any we W, let us denote w, to be an equivalence class of w.

Hereinafter it is assumed that (W, py) is a complete metric space with the equivalence relation
v satisfying vg),v1),v) . Moreover, we assume that for each € (0, 1), the corresponding equivalence
class is closed and the quotient set W/uv(7) is a complete metric quotient space with the distance
dyy () (W', W) = wieat™ s pw (wh, w?).

We also cite some important properties of Volterra operators implied by Definition 1.

1. Choose an arbitrary set I' C[0,1], {0,1} CT', and for any decreasing (or any increasing)

sequence {~v;}, it holds true that lim v, €I'. Let w={v(y),7€T}. We define the mapping

1—00
n:[0,1] =T as n(y)=inf{ €T}, £ >~y (n(y)=inf{{eT},£<~), and put in correspondence to
any v the equivalence relation v(n(v)). If the operator ¥: W — W is a Volterra operator on the
family v, then it is a Volterra operator on its subfamily w.

2. Any composition of Volterra operators on a fixed family possesses the property 1.

3. The identity operator is a Volterra operator on any family of equivalence relations.

4. If for some 9 € (0,1), we W it holds true that Yw €W, , then the set W, is invariant
with respect to the Volterra operator ¥:W — W and the relation v(vy) can be considered only on
the elements of w,, CW . The set w,, is a complete metric space with respect to the metric of the
whole space W . Thus, the family of the equivalence relations satisfying the conditions wvg,v1,v is
also defined on ., . The quotient set w.,/v(7), v <70, consists of the unique element. If v>~q,
the quotient set w.,/v(y) is a complete metric space. Moreover, the fact that ¥: W — W is a
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Volterra operator on the family v implies that the restriction ¥, :w,, —w,, of ¥ is a Volterra
operator on the family v .

5. For each € (0,1), we define the canonical projection IL,: W — W/v(y) as IL,w=w, . For
a Volterra operator W:W — W on the family v, we define the operator . :W/v(y) — W/v(y)
as W,w,=1II,%w, where w is an arbitrary element of w, . Choose an arbitrary o€ (0,1). The
family v(7p) generate the corresponding equivalence relation on W/v(vo) . Let €€ (0,v), and

let the elements w',w? € W be v(€)-equivalent. Then any w" Ew}m, w? Ew are also v(§)-
equivalent, which deﬁnes the notion of equivalence of the classes w#o and w% Namely, the classes

@}m and @'270 are Ty, (o) -equivalent (o € (0,1) ), if there exist (which, actually, means «any») w' €

€ @%0 , w? EE%O satisfying the equivalence relation v(§), £ =~po . Thus, the family v, ={0,,(c)}
of equivalence relations is defined on W/v(vy) . The quotient set (W/ v(’yo)> /U~, with the distance
2 1

d(Waoo, Weoo) = inf dW/v('yoa) (w’lyoavw’yoa) = inf pw (w ,w2)

=1 =2 1epl
w’YOEW’YOC”w’YOEW’VOU w Ew,mg,w vaoo

is isometric to W/v(vpo) and, hence, is a complete metric space as well. If the operator ¥: W — W
is a Volterra operator on the family v, then the operator W, :W/v(yy) = W/v(y) is a Volterra
operator on the family v,

6. If the sequence {¥;:W — W} of Volterra operators on the family v converges to the operator
U:W —W (for any weW it holds true that p(¥;w, Yw)—0), then the operator ¥: W — W is
a Volterra operator on the family v as well.

Let us now consider the equation
w = Yw, (2.2)

where W: W — W is a Volterra operator on the family v .

Definition 2.[21] We define a v(7y)-local solution to the equation (2.2), v€(0,1), to be a
class w, € W/v(y) that satisfies the equality W.,w., =w, . Identifying the element w that satisfies
(2.2) with its class of v(1)-equivalence w, we consider it a global solution to the equation (2.2).
We define a v(v)-mazimally extended solution to the equation (2.2), v€(0,1), to be a mapping
that puts in correspondence to any &€ (0,7) the v(§)-local solution wWe, and that satisfies the
following two conditions:

e for any n,£, 0<n<{<r, it holds true that we Cw, (wWe is a restriction of w, );

e for an arbitrary fixed w®e W, lim d(wg, wg) =00.
=70

Definition 3.[21] A Volterra operator ¥:W — W on the family v is called locally
contracting at ~y € [0,1), if there exist ¢<1 and w’ €w, such that for any r >0, one can find
0 >0 such that for any two @}H(;, E?H(g € Bw /u(y+5) (79#6’ T) (A;Jr(s =1II,;s5w®) , which, in the case
~v >0, satisfy for any £ € (0,7) the inclusion E}YM, 546 C wg , where (wg ITew) , the following
inequality holds true:

AWy 50,5, Vo507 5) < qd(W) 5,024 5) (2.3).

Definition 4.|21] A Volterra (on the family v ) operator ¥:W — W is called locally
contracting on the family v if it is locally contracting at any € [0,1) with the constants ¢ and

d(r) , which are independent of the choice of y€[0,1).

The following theorem on solvability of the equation (2.2) can be formulated.

19



ISSN 1810-0198. Bectuuk Tambosckoro yuusepcurera. Cepusi EcrecTBeHHbIE U TEXHUYIECKHE HAYKI

Theorem 2.1. [21] Let the Volterra (on the family v ) operator ¥ be locally contracting
on v.

Then the equation (2.2) has a unique global or maximally extended solution, and each local
solution is a restriction of this solution.

We introduce now the following version of the equation (2.2)
w = F(w, ), (2.4)

parameterized by A€ A, where A is some metric space. For each A € A | the operator F(-,\): W —
— W is a Volterra on the family v and F(-,A\g) =¥ for some Ao € A. Our aim is to formulate
conditions for existence and uniqueness of solutions to the equation (2.4) (we, naturally, apply
Definition 2 to the equation (2.4) at each fixed A€ A); and convergence of these solutions to
solution to the equation (2.2) as A — Ag. This means, that the problem (2.4) is well-posed.

Definition 5. Forany A€ Ag C A, let the Volterra operator F(-,\):W — W be given. This
family of operators is called uniformly locally contracting on the family v if for each A€ Ag CA,
the operator F'(-,\): W — W is locally contracting on v with the constants ¢ and d(r), which
are independent of the choice of A€ Ag.

Now we are ready to formulate and prove the following theorem on well-posedness of the equation
(2.4).

Theorem 2.2. Assume that the following two conditions are satisfied:

1) There exists oo >0 such that the operators F(-,A\):W —W , A& Ba(Xo, 00) are uniformly
locally contracting on the family v ;

2) For an arbitrary w € W, the mapping F:W x A—W is continuous at (w, \o) .

Then for each \€ Ay, the equation (2.4) has a unique global or maximally extended solution,
and each local solution is a restriction of this solution.

If the equation (2.4) has a global solution wWy=wy at X\= N\, then for each \ (sufficiently
close to Ao ) it also has a global solution w=w(A), and p(w(\),we) =0 as A— Ag.

If the equation (2.4) has a mazimally extended solution Wy at A= Ao, then for any ~ € (0, ()
one can find a neighborhood of X\g such that for any X\ the equation (2.4) has a local solution
W~ =Wy(A) in this neighborhood and dyy /) (Wy(A), Woy) =0 as A= Ao .

Proof.

The unique solvability of the equation (2.4) for any A€ Bx(\g, 00) follows from Theorem 1.

We prove the continuous dependence of solutions on a parameter A. Consider the case when
the equation (2.4) has global solution wp=w(Ag) €W at A=X\y. Choose an arbitrary > 0.
Let us find § >0 satisfying Definition 3 at 71 = p(wp,w") +1, v=0 and any X € By (Ao, 00) . For
k= [%] +1 denote A;=16, [=1,2,...,k. Since the condition 2) holds true, for any >0 one can
find 01 >0 and p; >0 such that for each A€ By(Ag, 01) we have

(1—q)e

dW(F(w7 )‘)7F(w07)\0)) < 6

for all w € By (wp, 01) . Assume that o1 < % . Let us find 09 >0 and g9 such that for arbitrary

A€ Ba(Ao, 02) it holds that

(1—q)oy

dW/'U(Ak—l)(FAk—I (ﬁAk—l s A)s Fay (woﬁk—1 ) )‘0)) < 6
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for all @a,_, € Bw v, ) (Woa,_,,02) . Assume that oy < % , 02 <p1. There exist o3>0
and g3 such that for any A€ By (Ao, g3) it holds true that

(1—q)o2

dW/U(Ak72) (FAk—2 (ﬁAkfgv A)s Fa, (EOAI@727 Ao)) < 6

for any @a,_, € Bw/u(a,_,) (Woa,_,,03); 03< % , 03 <092 etc. We perform k iterations and

at the last step find o} and g, 0<op < (1_(])% , 0k < 0k_1.

Let woa, denote a v(Aj)-local solution to the equation (2.4) at A= Ao, that is a fixed point
of the operator Fa, (-, Xo): W/v(A1)—=W/v(A1). If dy/ya,)(Tas, Woa,) <ok, then

(1—-q)or—1

dW/’U(Al)(FAl (ﬁAw)‘)aFAl (EOAl’/\O)) < 6

for all A€ Ba(Ao, 0k) -
Taking into account the condition 1), we get for any natural number m that

dyoan) (FR: (@oa,, A), woa,) < diwyuiar) @oa,, A), FA (Woa,, A)) + - ..

(1 —-qok-1 _ k-1

6 - 6
Due to the convergence of the sequential approximations FX! (Won,,A) to the fixed point wWa, =
= Wn, (A) of the operator Fa, (-, \): W/v(A1)— W/v(A1), we obtain that dyy/,a,)(Wa,, Woa,) <
< ZE=L for each A €Uy . Further, let Woa, be a v(Ag)-local solution to the equation (2.4) at
A=Xp. Then, for all A€ Bx(Xo,0r), 0k <ok—1 and any wa, € BW/U(AQ)(WOAgyakfﬁ Nwa, we
get

St dW/v(Al)(FA1 (@OAI’ A)’@OAI) < (qm—l +...+q+ 1)

w w — 1—q)op_
dW/U(AQ) (FA2 (wAW >\>’ wOA2) - dW/U(AI) (FA2 (uA27 )‘)7 FAQ (wOAm )\0)) < M

Then
1—q)op—2 - (1—q)or—2
6 3 '

dW/v(Ag)(FAQ (ﬁsz A)vﬁAz) < Og-1+
For all m=1,2,... we have
dW/v(Ag)(FXLg (asz )‘)’ EAQ) < dW/U(Az)(FXLg (EAQ? )‘)v angl(ﬁAz? )‘)) +.o..
(1 - q)or—2 _ Ok—2
3 -3
Taking into account the convergence of the approximations FX! (ua,, A) to Wa, =wa,(A) we obtain

ot dwpag) (Fay (@ay, A), @a,) < (" 4. +q+1)

dW/v(Az) (W, Woa,) < dW/v(Az) (Wa,» FX; (Ta,, A)+

Of—2 Of—2
+op_1 < .
3 k=l ="

Using the convergence of the sequential approximations FX. (TWag, A) to afixed point Wa, =Wa, ()
of the operator Fa,(-,A): W/v(Az) = W/v(A3z) for any Ta, € By u(ay)(Wons, ok—2) (1WA, and
each A € BA(Ao, 0k), 0k < or—1, we obtain the estimate dyy/y(a,)(Was; Woas) < 72 We, then,
repeat this procedure. At the k-th step we prove in an analogous way that the inequality
pw (w(A), wp) <e holds true for all A€ Uy . Therefore, py (w(N),wo) =0 as A—Ng.

Let now a solution wy, to the equation (2.4) at A=\ be maximally extended. Fix arbitrary
v€(0,m) and let wp, denote the restriction of the solution @y, . For the equation @, = F, (@, \o)
the element Wy, € W/v(y) is a global solution. As is shown above, for all A from some neighborhood

+dW/v(A2)(FXL2 (TassA), @a,) + dW/’U(AQ)(ﬁA27EOA2) <
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of Ao the equations @, = F, (%, \) have global solutions w,()) , and dyy/,,(y) (W~ (), Woy) — 0 as
A= )\0 . O

3. Existence, uniqueness and continuous dependence on impulsive control of
solutions to generalized neural field equations

We assume that the following conditions on the system (1.3), (1.2) are imposed:

(i) For any t€ [a,00), weR", z€R™, the function f(¢,-,z,-,w):[a,t] x R - R" is
measurable.

(ii) For almost all (s,y) € [a, 00) x R™ , the function f(-,s,-,y,-):[s,00) x R™ x R" is continuous.

(iii) For any b€ (a,00) and any >0, w€ Bgn(0,r), it holds true that

t
//f(t,s,x,y,w)dyds = 0.
a Rm

(iv) There is a non-decreasing function K :(a,00) — Ny such that for any control 4 and any
b€ (a,00) it holds true that card({ty(N[a,b]}) < K(b), where the symbol card(-) denotes the
cardinality of the corresponding set.

(v) uk € Co(R™,R™) for all keN.
By the virtue of the assumptions made, the element w, defined by (1.3), (1.2), can be
represented as

lim sup
Y70 te(a,b], 2€ B4 (0,%)

w(t, ) = v(t: ) + Y X[ry00) ()un(2), (3.1)
k=1

where the function v:[a,00) — Cp(R™,R™) belongs to locally convex space with topology of
uniform convergence on the each compact [a,b] (see [20]). We naturally denote this space
as C([a,00),Co(R™ ,R™)). The space C([a,b],Co(R™,R™)) of restrictions on [a,b] of the
functions from C([a,00), Co(R™,R™)) is a Banach space with the norm ||v||c(a,,co@m ) =

= e [v()llcorm Rn) -
We define the set W ([a,00)) =W ([a,0), Co(R™,R™)) of the mappings w:[a, c0) = Co(R™,R"™)
of the kind (3.1), where v is an arbitrary element of C([a,o0), Co(R™,R™)), {(tx,ur),k €N} is
any set satisfying the conditions (iv) and (v). We denote W ([a,b]) =W ([a, b], Co(R™,R™)) to be
the set of restrictions on [a,b] of the functions from W ([a,o0)). Choose an arbitrary b€ (a,o0).
Lemm a 3.1. The set W ([a,b])=W([a,b], Co(R™,R"™)) is complete metric space with respect

to the metric
W ([a, b})<w17 wz) =

= [[o" = V*llo(ja,b).co mm R")JF/’ Z Xet ) (t Z X[ti,b}(t)quCo(Rm,R”)dt-

a  k:tp€la,b] k:t2€(a,b]
P r o o f. For the sake of convenience, we consider the element U(-,x) in the expression
K(b)
w(t,z)=v(t,2)+U(t,z), Ult,z)= > X5 ()ur(r), v €R™, as the mapping t€[a, b= U(t, ) €
k=0

€ Co(R™,R™) . This mapping is piece-wise continuous, continuous from the right and has not more
than K (b) discontinuity points of the first kind. The set of such functions U is a subset of the
Banach space L([a,b], u, Co(R™,R™)) of measurable summable functions Y : [a,b] — Co(R™,R")

with the norm ||| (a,5],u,c0 (R™ 7)) f IT(#)lco(rm mmydt . In order to prove the completeness of
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the space W([a,b]) it suffices to show that the set of piece-wise continuous, continuous from the
right functions U :[a, b] — Cp(R™,R™) having not more than K(b) discontinuity points of the first
kind is complete with respect to the metric of L([a, b], pr, Co(R™,R")) .

We will say that £ is an essential value of the mapping U : [a,b] — Co(R™,R"™) if there
exists to € [a,b] such that £ =U(ty) and for any € >0 one can find 6 >0 such that ||U(ty) —
— U(t)||CO(Rm7Rn) <eg forall te B]R(to, 5) .

We note that the mapping U :[a,b] — Co(R™,R™) having N essential values can not be the
limit in the metric of L([a,b], u, Co(R™,R™)) of the sequence of functions having not more than
N—1 essential Values Indeed, as the values wuq,...,un are essential, there exists a finite set of the
semi-intervals T ", providing partition of [a, b] such that U(t) =w; for almost all t € Tili , 1<, <

1; s
< L; < oo . Choosing 5<Td where T_1<1i§IT,H11§i§NM(Ti ), d—lggrgul{}_l || —u7;+1”CO(Rm’Rn) , We
b
get [||U(t) — Ul cy(rm rrydt > € for any mapping U :[a, b] = Co(R™,R"™) , having not more than

a

N—1 essential values. From the given proof it also follows that the piece-wise constant continuous
K

from the right mappings U : [a,b] — Co(R™,R™), U(t) = > X0 (t)ur, ux € Co(R™,R™),
k=0

N
k=1,...,K, having K discontinuity points (K= > 1;, uxyZ0, k=1,...,K) can not be the
k=1
limit (in the metric of L(]a,b], 1, Co(R™,R™))) of the sequence of piece-wise constant continuous
from the right mappings having not more than K—1 discontinuity points of the first kind.

Thus, the limit of the sequence of piece-wise constant continuous from the right mappings
having not more than K (b) discontinuity points of the first kind in the chosen metric is a class of
mappings (element of L([a,b], u, Co(R™,R™)) ) including a piece-wise constant continuous from the
right having not more than K (b) discontinuity points of the first kind. Hence, the completeness of
W ([a,b], Co(R™,R™)) is proved.

Definition 3.1. We define a local solution to the system (1.3), (1.2), defined on [a,a+7],
v €(0,00), to be a mapping w~ € W([a,a+7]), that satisfies the equation

//f y Sy Y, W S y dde+ZX[tk, )

a R™

on [a,a+7]. We define a maximally extended solution to the system (1.3), (1.2), defined on
la,a+n), n€(0,00), to be a mapping wy,: [a, a+n) — Co(R™,R™) , whose restriction w, on [a,a+7]

for any v <mn is its local solution and hm OpW([a7a+ﬂ)(w7, 0)=o00 (here o€ W([a,a+~]) is the
—1)—
identical zero function). We define a global solution to the system (1.3), (1.2) to be a mapping

w:[a,00) = Co(R™,R™) , whose restriction w, on [a,a+7| for any € (0,00) is its local solution.

Theorem 3.1. Let the assumptions (i) — (v) hold true. Assume that for any b€ (a,o0),
7>0 there exists such integrable on [a,b] x R™ function f, that |f(t,s,z,y, wh) = f(t, s, 2, y,w?)| <
< fr(s,y)|wt —w?| for all w',w? € Brn(0,7), almost all (s,y) € [a,b] x R™ t€fa,00), x€
€ Brm(0,7) and. Then, for each set of points (ti,ux) € [a,00) x Co(R™,R™), k€N, the system
(1.3), (1.2) has a unique global or mazimally extended solution, and each local solution is a
restriction of this solution.

Moreover, assume that for some set of points (tr,ur) € [a,00) X Co(R™,R™), k€N and some
sequences {(tt,ut)}3°, Cla,00) x Co(R™,R"), k€N, for any b>a, it holds true that

b
/5161%3(”’ Z X[t;'c,oo) Z X[t )uk x)|dt — 0 as i — oo.

k:t €[a,b] k:t9€la,b]
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Then, if for the control {(t3,u?) € [a,00) x Co(R™,R™), k€ N}, the problem (1.3), (1.2) has
a local solution wg , defined on [a,a+7v], one can find a number I, such that for all i>1 the
problem (1.3), (1.2) with the control {(t,,u},) € [a,00) x Co(R™,R"™), k€N}, has a local solution
wﬁy, defined on [a,a+7], and pw([a,a+v])(wfy,wg)—>0 as i— oo .

P r o o f We are going to apply Theorem 2.2, so we parameterize (1.3) with respect to the
control imposed and represent the result in terms of the following operator equation

w = F(w, ), (3.2)

t oo
(F(w7 )‘))(ta $) = / / f(t7 $,Y, w(sa y))dyds + EX[t,\k,oo)(t)u)\k(x)'
k=0

a Rm

Choose arbitrary b€ (a,00). For the chosen b, we define the relation v(o), o €[0,1], on
W ([a,b]) =W (la,b], Co(R™,R™)) as follows:

(w', w?) € v(o) <= wl(t,-) = w(t,-) t € [0, (b—a)o].

Choose arbitrary g<1, r>0. Let v€(0,b—a) and w'(t,-)=w?(t,-), t € [a,a+7], where w!, w? €
€ Be(lap),co®m rr))(0,7) (in the notation of the ball, 0 denotes the function that is identically
equal to zero). Using assumptions (i)—(v) and condition 1) of Theorem 3.1, we get the following
estimates

PW ([asasro)) (F (W', A), F(w?, X)) =

t
max R ’//f(t;37x7y>w1(37y))dyd3—
zeR™

te€fa,a+y+9],
a R™

t
—//f(t,s,x,y,wQ(S,y))dyds S

a R™
a+y+d

e/2 + max / /‘ t s, ,wl s,))dyds—
/ t€[a,a+y-+3],0€ Bem (0,rc) I y,w (s, y))dy
aty Rm™

_f(tv $,%,Y, w2($7y))‘dyd8 é

a+y+6
e/2+ max ~s, wh — w? m pryydyds| < €.
/ s BB om / /fr( ol ¢ ([a,b), BO®RM RP)) dyds| <
aty R™

Here, 7. >0, 6 >0 can be chosen in a such way that € <q. Thus, we checked that the inequality
(2.3) is satisfied. By the virtue of arbitrary choice of b€ (a,00), using Theorem 2.1, we prove
existence of a unique global (if the distances of the solutions obtained to the element 0 € W are
uniformly bounded for all b€ (a,00)) or maximally extended (otherwise) solution to (3.2) and,
hence, to (1.2), (1.3).

Next, we take arbitrary e >0, @ € W([a,b],Co(R™,R")), w' C W([a,b],Co(R™,R")),
PW (jap]) (W', @) (i—00). For the chosen sequences {t}} C [a,00), {uj} C Co(R™,R™), such that
ti =t and [Jul — ul [ comrm gny — 0 for each k as i— oo, we estimate

Pw (o)) (F (@, 0), F(w', 1/i)) <
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< max // ‘f (t,s,x,y,W(s,y)) — f(t,s,x,y,wi(s,y))’dyds—l—

t€la,b],zeR™
a Rm™
KO(b) K'(b)
/ ma | > g 018e) = 3 g (£ )]

Estimation of the integrand ’f (t,s,x,y,w(s,y)) — f(t,s,x,y,wi(s,y))’ of the first summand
on the right-hand side using the condition 1) of Theorem 3.1, gives uniform convergence of this
expression to 0 on [a,b] x R™.

The condition 2) of Theorem 3.1 guarantees convergence of the second summand on the right-
hand side of the inequality to 0 as ¢ — 0.

Thus the verification of the second condition of Theorem 2.2 is complete, and Theorem 3.1 is
proved.
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O KOPPEKTHOCTU OBOBIIIEHHBIX YPABHEHUII HENPOIIOJIEN
C UMITYJIbBCHBIM YIIPABJIEHUEM

© E.O. BypJaakos, E. C. 2KykoBckuii

Qopmysupyercs W JIOKA3bIBAETCS TeopeMa O KOPPEKTHOCTH abCTPAKTHBIX ypPaBHEHUA
Volterra B MeTpumyeckux mpocTpancrBax. /lajee paccMaTpuBaeTCsl HEJIMHEHHOE MWHTErPAIh-
Hoe ypasuenue Volterra, 9acTHBIMU CJIydasiMU KOTOPOLO SBJISIIOTCS yPABHEHUS, UCIOJIb3Y-
eMble B MaTeMaTW4IecKoit mHeiipobuosioruu. VccsemytoTces: pereHust, CTpeMsIInuecs: K HyJo
B J1it060i1 MOMEHT BPEMEHHU IIPH HEOI'PAHUYEHHOM POCTE IIPOCTPAHCTBEHHON IepeMeHHOi. B
JINTEPATYpPEe TaKWe PEIIeHUs] HA3BIBAIOT <«JIOKAJM30BAHHBIMU B IPOCTPAHCTBE» WU «OaM-
maMu», OHU COOTBETCTBYIOT HOPMAJbHOMY (DYHKIIMOHMPOBAHUIO TOJIOBHOrO Mo3ra. CraBur-
¢ 3a71a9a MMITYJIBCHOTO YIIPABJICHUS, YIIPABISIONIUMHI TapaMeTPaMU SBJIAIOTCS MOMEHTBI
BpEMEHU, B KOTOPbIE DEIIeHUe TEPIUT PAa3PbIBbl, U BEJUIUHBI COOTBETCTBYIONIUX CKAYKOB
periennsi. Takue yIpaBjeHus MOJIEIUPYIOT 3JIEKTPUYECKYIO CTUMYJISIIIAIO MO3Ta, [TPUMEeHsIe-
MYIO IIpU JIeYeHNH PACCTPONCTB IeHTPAJIbHON HEPBHOI cucTeMbl. [ljist ncciienoBanust JaHHOM
YIIPABJIFEMOll HHTErPAJILHON CUCTEMBI OLIPEIEJISIeTCs CIEIUAIBHOE OJHOE MeTPpUIecKoe (He
SIBJIAIOINIEECs] JIMHEHHBIM) (DYHKIMOHAJIbLHOE IIPOCTPAHCTBO. B 9TOM IpocTpaHcTBe HOJLyde-
HBI YCJIOBHS CYIECTBOBAHUSI, €IMHCTBEHHOCTH U IIPOJIOJI>KAEMOCTH PEIIEHNUsI, & TAK¥Ke ero
HEIPEPBIBHON 3aBUCUMOCTH OT UMITYJIBCHOTO YIIPABJICHUS.

Karuesvie caosa: aberpakTHble ypaBHeHust Volterra; HejmHeiiHble WHTErpaJibHbIE ypaBHE-
HUs; ypaBHeHUs Volterra; ypaBHeHUs HEMPOIOJIE; HMITYIbCHOE yIIPABJIEHNE; KOPPEKTHOCTD.

BJIATOJIAPHOCTU: Pabora BbImojiHeHa Tpu (BUHAHCOBOW MO Iep:kke Poccutickoro dona
dynmamenTaIbHbIX HccsegoBanuit (mpoekt Ne 15-31-51074).
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